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Abstract
We study nilpotent subgroups of automorphism groups in the category of groups and the homotopy category
of spaces. We establish localization and completion theorems for nilpotent groups of automorphisms of nilpotent
groups. We then apply these algebraic theorems to prove analogous results for certain groups of self-homotopy
equivalences of spaces.
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0. Introduction
In this paper we study nilpotent groups of automorphisms of a nilpotent group and nilpotent groups of
self-homotopy equivalences of a space. Our main purpose is to prove naturality theorems of localization
and completion of these nilpotent groups. In [11] Hall gave a sufficient condition for a subgroup of the
automorphism group of a group to be nilpotent:
Theorem (Hall [11]). Let G be a group. Assume that we are given a series
γ 0 ⊃ γ 1 ⊃ · · · ⊃ γ r
of subgroups of G with γ 0 = G and γ r = 1. Let Aut{γ i }(G) denote the subgroup of Aut(G) consisting
of elements a such that a(γ i x) = γ i x for all x ∈ γ i−1 and for each i = 1, . . . , r − 1. Then Aut{γ i }(G)
is a nilpotent group. (Aut{γ i }(G) is called the stability group of the series {γ i }.)
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If G is a nilpotent group, then it can be localized or completed in a functorial way (see [5,15]). They
are denoted by G` and Gˆ p respectively, where ` is a set of prime numbers p is a prime number. We show
that the above nilpotent groups of automorphisms commute with localization and completion. More
precisely Aut{γ i` }(N`) is isomorphic to Aut{γ i }(N )` and Aut{γˆ ip}(Nˆp) is isomorphic to Âut{γ i }(N )p for a
finitely generated nilpotent group N (Theorem 2.3), where a series N = γ 0 ⊃ γ 1 ⊃ · · · ⊃ γ r = 1 is a
normal series, that is, γ i+1 is a normal subgroup of γ i .
In homotopy theory, Dror and Zabrodsky [7] studied conditions for subgroups of the group of self-
homotopy equivalences of a space associated with its homotopy or homology groups to be nilpotent
and obtained the results which correspond to Hall’s result. Their results are viewed as generalizations
of Hall’s theorem since Aut(G) is isomorphic to the group of self-homotopy equivalences of the
Eilenberg–MacLane space K (G, 1) for a group G. We obtain the localization (completion) theorem
(Theorem 3.3) for the above nilpotent subgroups of the group of self-homotopy equivalences by using
our group-theoretic results. We can apply Theorem 3.3 to subgroups of the self-homotopy equivalences
defined by functors such as homology theories, the suspension functor Σ , or the loop functor Ω . For
example we show that EMU∗(X`) ∼= EMU∗(X)`, EΣ (X`) ∼= EΣ (X)` for a finite nilpotent space X , and
EΩ (X`) ∼= EΩ (X)` for a 1-connected homotopy associative finite H -space X , where E(X) is the group
of self-homotopy equivalences, Eh(X) is the subgroup of elements f ∈ E(X) with h( f ) = 1, and MU∗
is the complex cobordism theory.
Finally, the localization theorem for nilpotent subgroups of E(X) is a useful device for determining
their group structures especially when X` is equivalent to a wedge or a product of spaces as is shown
in Corollaries 5.2 and 5.4 (also see [3,17,25]). It also allows us to compute the rationalizations of these
subgroups by algebraic methods using minimal models as was indicated in [2,8].
This paper is organized as follows. We devote the first two sections to group theory. We prove
the localization (completion) theorem of the nilpotent groups of automorphisms of nilpotent groups
mentioned above. In Section 1 we prove the theorem when N is an abelian group. By using the result
in Section 1, we prove the theorem for nilpotent groups in Section 2. Next we turn to the homotopy
theory of spaces. In Section 3 first we recall the Dror–Zabrodsky theorem then prove the localization
(completion) theorem of the subgroups of the group of self-homotopy equivalences of a space associated
with the nilpotent subgroups of Aut(pii (X)), which generalizes the previous results in [17] and [22]. In
Section 4 we apply the results in the previous sections to study subgroups associated with (co)homology
groups and obtain the localization and completion theorems for them. In Section 5 we study the Σ and
Ω subgroups. In the final Section 6 we show a further example for which we can apply our methods.
1. Localization and completion (the abelian group case)
In this section we will show the naturality theorems of localization and completion of nilpotent groups
of automorphisms of abelian groups. First we introduce the notion of nilpotent action. Let Aut{γ i }(G)
denote the subgroup of Aut(G) defined in the introduction. Now we assume that {γ i } is a normal series.
Then Aut{γ i }(G) consists of elements a such that a(γ i ) ⊂ γ i and a induces the identity homomorphism
on γ i−1/γ i . In other words a is an element of Aut{γ i }(G) if and only if it induces an isomorphism on γ i
which is equal to the identity homomorphism modulo γ i+1 for each i ≥ 0. In this paper, we say that a
group G acts nilpotently on pi if there is a homomorphism G → Aut{γ i }(pi) for some normal series {γ i }.
We call {γ i } a central series of the G-action. Here we should note that G is not necessarily a nilpotent
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group in this case. Let pi be an abelian group. For an action ω : G → Aut(pi), following [15] we define
the lower central series,
Γ 1G(pi) ⊃ · · · ⊃ Γ iG(pi) · · ·
by setting Γ 1G(pi) = pi , Γ i+1G (pi) = group generated by {g · x − x |g ∈ G, x ∈ Γ iG(pi)}. We note that
G acts on pi nilpotently if and only if the lower central series has finite length. If Γ cG(pi) 6= {1} and
Γ iG(pi) = {1} for i > c, then we say the action has nilpotency class c.
Let us assume that two groups G and H act on an abelian group pi and assume that two actions
commute, that is
g · (h · x) = h · (g · x).
Then we can define the action of G × H on pi by
(g, h) · x = g · (h · x),
and we say this action is the product action. If the actions commute, then Γ iH (pi) is closed under the
G-action and Γ iG(pi) is closed under the H -action. We will use the following lemma later.
Lemma 1.1. If G and H act nilpotently on an abelian group pi and the actions commute, then the
product action of G × H on pi is also nilpotent.
Proof. We can show the following formula by induction.
Γ nG×H (pi) =
∑
i+ j=n
Γ iG(Γ
j
H (pi))+ Γ iH (Γ jG(pi)), (1.1)
where n ≥ 2, and i, j ≥ 1. If Γ n1G (pi) = {1} and Γ n2H (pi) = {1}, then by (1.1), Γ n1+n2G×H (pi) = {1}, this
completes the proof of Lemma 1.1. 
We have the following exact sequence.
Theorem 1.2. Let γ 0 ⊃ · · · ⊃ γ r be a sequence of subgroups of an abelian group pi with γ 0 = pi
and γ r = 0. Let G(k) denote the subgroup Aut{γ i }i≥k (γ k) ⊂ Aut(γ k), i : γ k → γ k−1 and
j : γ k−1 → γ k−1/γ k denote the inclusion and the projection respectively. Then there exists an exact
sequence:
0→ Hom(γ k−1/γ k, γ k) µ→ G(k − 1) ϕ→ G(k).
Here µ(ω) = id + i ◦ ω ◦ j and ϕ is the restriction, where id is the identity homomorphism. Moreover
Imϕ = {g ∈ G(k)|g∗f = f}, where f ∈ H2(γ k−1/γ k; γ k) is the cohomology class for the extension
(see [16]):
0→ γ k → γ k−1 → γ k−1/γ k → 0.
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Proof. One can easily verify that µ is an injective homomorphism and µ(ω)(x) = x for x ∈ γ k . Thus
µ is well defined and the composition ϕ ◦ µ is trivial. For f ∈ G(k − 1) there exists the following
commutative diagram.
0 γ k γ k−1 γ k−1/γ k 0
0 γ k γ k−1 γ k−1/γ k 0
- -i
?
f |γ k
-j
?
f
-
?
id
- -i -j -
(1.2)
Thus j◦( f −id) = 0, so f = id+i◦ω for some homomorphism ω : γ k−1 → γ k , and f |γ k = id+ω◦i .
If f |γ k = id then ω ◦ i = 0, thus by the additive exactness we can show that f ∈ Imµ. Let g ∈ G(k),
then by the cohomology theory of groups g ∈ Imϕ if and only if g∗f = f. 
Remark. By Theorem 1.2, Aut{γ i }i≥k (γ
k) is finitely generated for all k.
Now we recall the localization theory of nilpotent groups. The theory of localization of nilpotent
groups have been developed by Bousfield and Kan [5], Hilton, Mislin and Roitberg [15] and others
(cf. [15]). We will follow the terminology and notation of [15]. Localization is a functor defined as
follows. Let ` be a set of prime numbers, Z` the ring of integers localized at `, that is the subring
of Q consisting of fractions {m/n|(n, p) = 1, p ∈ `}. An abelian group G is called `-local if the
homomorphism ×n : G → G (multiplication by an integer n) is an isomorphism for n such that
(n, p) = 1 for all p ∈ `. For an abelian group pi , the tensor product
pi ⊗ Z`
is denoted by pi` and called the localization of pi at `. This gives us a functor from the category of
abelian groups to the category of `-local abelian groups. The localization functor has been extended to
the category of nilpotent groups [5,15]. By their results, for a nilpotent group G there exits a `-local
nilpotent group G`, that is, the localization of G and a map (which we also call the localization of G)
e : G → G` such that
e∗ : Hom(G`, K )→ Hom(G, K )
is bijective for all `-local nilpotent groups K . Here a group G is `-local if a map (−)n : G → G defined
by (−)n(x) = xn is bijective for all n ∈ Z with (n, `) = 1.
Let pi = γ 0 ⊃ · · · ⊃ γ r = 0 be a sequence of subgroups of an abelian group pi . Then we obtain the
localization of the sequence γ 0` ⊃ · · · ⊃ γ r` with γ 0` = pi` and γ r` = 0. Therefore we can consider
a subgroup Aut{γ i` }(pi`) of Aut(pi`) which is nilpotent. Since the localization is a functor, we have
homomorphisms
Aut(pi)→ Aut(pi`)
and
Aut{γ i }(pi)→ Aut{γ i` }(pi`).
Note that the last one is a homomorphism between nilpotent groups. Now we recall two results.
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Lemma 1.3 ([15, Proposition 1.8(iv)]). If M and N are abelian groups with M finitely generated, then
the natural homomorphisms
Hom(M, N )→ Hom(M, N`) and Ext(M, N )→ Ext(M, N`)
are the localization maps.
Let G and pi be nilpotent groups. If G` acts on pi` so that the following diagram commutes, then we
say the two actions are compatible.
G Aut(pi)
G` Aut(pi`)
?
-
?
-
(1.3)
Lemma 1.4 ([14, Theorem 1.1]). Assume that a nilpotent group G acts nilpotently on a nilpotent group
pi and G` acts on pi`. If the actions are compatible, then
(Gg)` ∼= (G`)e(g).
Here e : G → G` is the localization at `, and Gg is the isotropy subgroup of G at g.
Now we state our main theorem.
Theorem 1.5. Let pi = γ 0 ⊃ · · · ⊃ γ r = 0 be a decreasing series of subgroups of a finitely generated
abelian group pi and Aut{γ i }(pi) the nilpotent subgroup of Aut(pi) defined in the previous section. Then
the natural map
Aut{γ i }(pi)→ Aut{γ i` }(pi`)
is the localization map, thus Aut{γ i }(pi)` ' Aut{γ i` }(pi`). Here (−)` is the localization at a set of prime
numbers `.
Proof. We let H k denote the group Hom(γ k−1/γ k, γ k). As before let G(k) denote the group
Aut{γ i }i≥k (γ
k). We let G`(k) denote Aut{γ i` }i≥k (γ
k
` ). There is a natural homomorphism `∗ : G(k) →
G`(k) for each k. By the functoriality of localization and Lemma 1.3, we obtain the following
commutative diagram with exact rows:
0 H k G(k − 1) G(k)
0 H k` G`(k − 1) G`(k).
-
?
- -ϕ
?
`∗
?
`∗
- - -ϕ
′
(1.4)
We show that `∗ : G(k)→ G`(k) is the localization map for all k. We proceed by decreasing induction
on k (note that G(0) = Aut{γ i }(pi)). For k = r this is clearly true, because G(r) and G`(r) are trivial
groups. Now suppose that `∗ : G(k) → G`(k) is the localization map, then Imϕ → Imϕ′ is also the
localization map by Theorem 1.2 and Lemma 1.4. Since the natural map H k → H k` is the localization
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map by Lemma 1.3, `∗ : G(k − 1) → G`(k − 1) is the localization by Corollary 2.6 of [15]. This
completes the induction and the result is proved. 
The p-profinite completion of groups was first studied in [26]. Bousfield and Kan defined R∞-
completion of spaces then applied it to obtain completion of groups which generalizes Serre’s p-
completion. The p-(profinite) completion of a finitely generated abelian group pi is just
pi ⊗ Zˆp,
where Zˆp is the p-adic integers [26]. In [5] Bousfield–Kan defined the Ext-p-completion, denoted by
Ext(Zp∞,G), for a nilpotent group G. They showed that if G is finitely generated nilpotent, the Ext-p-
completion of G is isomorphic to Gˆ p, the profinite p-completion of G. p-completion is exact for finitely
generated nilpotent groups, but it is not exact in general. However in [5] the following exact sequence is
obtained [5, VI, 2.5].
Lemma 1.6 ([5]). Every short exact sequence of nilpotent groups
∗ → N ′ → N → N ′′ → ∗
gives rise to an exact sequence
∗ → Hom(Zp∞, N ′)→ Hom(Zp∞, N )→ Hom(Zp∞, N ′′)
→ Ext(Zp∞, N ′)→ Ext(Zp∞, N )→ Ext(Zp∞, N ′′)→ ∗.
We have the following results corresponding to Lemmas 1.3 and 1.4
Lemma 1.7. If M and N are finitely generated abelian groups, then the natural homomorphisms
Hom(M, N )→ Hom(M, Nˆp) and Ext(M, N )→ Ext(M, Nˆp)
are the p-completion maps.
Proof. Since M is finitely generated and Zˆp is flat (because it is torsion free),
Hom(M, N ⊗ Zˆp) ∼= Hom(M, N )⊗ Zˆp.
Moreover Ĥom(M, N )p ∼= Hom(M, N )⊗ Zˆp, by the assumption. We have
Ext(Z/nZ, Zˆp) ∼= Z/nZ⊗ Zˆp.
On the other hand, for every torsion free abelian group X
Ext(X, Zˆp) = 0
by [10,12]. Hence we obtain the result for the Ext group. 
As before, we say actions of G on pi and Gˆ p on pˆip are compatible if the following diagram commutes.
G Aut(pi)
Gˆ p Aut(pˆip)
?
-
?
-
(1.5)
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WhenG is a finitely generated nilpotent group and pi is a finitely generated abelian group, for an nilpotent
action µ : G → Aut(pi), the action µˆp : G → Aut(pˆip) which is compatible with µ is uniquely
determined by the following diagram of split extensions.
0 pi pi o G G 0
0 pˆip pˆip o Gˆ p Gˆ p 0
-
?
- -
?
-
?
- - - -
(1.6)
If {γ i } is a central series of the G-action on pi , one can show that {γˆ ip} is a central series of the Gˆ p-action
on pˆip. Thus Hilton’s proof in [14] works for the following result.
Lemma 1.8 ([22, Theorem 2.5]). Let G be a finitely generated nilpotent group acting nilpotently on a
finitely generated abelian group pi , then
(Ĝg)p ∼= (Gˆ p)c(g).
Here c : G → Gˆ p is the p-completion map, and Gg is the isotropy subgroup of G at g, and the actions
of G and Gˆ p are compatible.
By the similar methods used in Theorem 1.5 we obtain the following theorem for p-completion.
Theorem 1.9. Let pi = γ 0 ⊃ · · · ⊃ γ r = 0 be a decreasing series of subgroups of a finitely generated
abelian group pi . Then for any prime number p the natural map
Aut{γ i }(pi)→ Aut{γˆ ip}(pˆip)
is the p-completion map, thus Âut{γ i }(pi)p ' Aut{γˆ ip}(pˆip).
Proof. Let G p(k) denote the group Aut{γˆ ip}i≥k (γˆ
k
p ), and c∗ : G(k) → G p(k) be the natural
homomorphism induced from completion. There exists the following commutative diagram with exact
rows using Lemma 1.7.
0 H k G(k − 1) G(k)
0 Hˆ kp G p(k − 1) G p(k)
-
?
- -ϕ
?
c∗
?
c∗
- - -ϕ
′
(1.7)
We show that c∗ : G(k) → G p(k) is the p-completion map for all k. As in the proof of Theorem 1.5,
we use decreasing induction on k. For k = r , the assertion is true. Now assume that c∗ : G(k)→ G p(k)
is the p-completion map. By applying Ext(Zp∞, ) to the diagram
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0 H k G(k − 1) Imϕ 0
0 Hˆ kp G p(k − 1) Imϕ′ 0,
-
?
- -
?
c∗
?
c∗
-
- - - -
(1.8)
we obtain the following diagram with exact rows by Lemma 1.6.
0 → Ext(Zp∞, H k) → Ext(Zp∞,G(k − 1)) → Ext(Zp∞, Imϕ) → 0y yc∗ yc∗
0 → Ext(Zp∞, Hˆ kp) → Ext(Zp∞,G p(k − 1)) → Ext(Zp∞, Imϕ′) → 0
We remark that Hom(Zp∞, Imϕ) = 0 = Hom(Zp∞, Imϕ′) since Imϕ is finitely generated and
Imϕ′ is the Ext-p-completion of Imϕ by the inductive hypothesis, Lemma 1.8, and [5, VI, 2.6,
3.2]. Now the outside maps are isomorphisms. Thus the middle map is an isomorphism. We see that
Hom(Zp∞,G p(k − 1)) = 0, as Hom(Zp∞, Hˆ kp) = 0 = Hom(Zp∞,G p(k)). Hence by the universality
of completion, we obtain that c∗ : G(k − 1)→ G p(k − 1) is the Ext-p-completion. This completes the
induction and proves the result. 
2. Localization and completion (the nilpotent group case)
In this section we will extend the localization and completion theorems in the previous section to
nilpotent groups. We start this section with the following lemmas.
Lemma 2.1. If f : N → N ′ is a homomorphism of finitely generated nilpotent groups,
(Ker f )` ∼= Ker f`.
Moreover if N ′ is abelian then,
(K̂er f )p ∼= Ker fˆ p.
Here ` is a set of prime numbers p is a prime number.
Proof. (Ker f )` ∼= Ker f` follows from Theorem 2.10 of [15]. We have the commutative diagram:
N N ′
N/[N , N ]
-f
?
q
 
 
  
f¯
(2.1)
Since Zˆp is flat, and since N/[N , N ] and N ′ are finitely generated abelian groups, (̂Im f¯ )p ∼= Im ˆ¯f p.
Now Im ˆ¯f p = Im fˆ p, because q is surjective and so is qˆp. Thus Im fˆ p = Im ˆ¯f p ∼= (̂Im f¯ )p = (̂Im f )p.
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Hence the result for p-completion follows from the exact sequence:
1→ Ker f → N f→ Im f → 1. 
Lemma 2.2. Let N be a finitely generated nilpotent group, and N ′ be a finitely generated abelian group.
Then
Hom(N , N ′)→ Hom(N`, N ′`)
Hom(N , N ′)→ Hom(Nˆp, Nˆ ′p)
are localization and completion, where ` is a set of prime numbers p is a prime number.
Proof. Note that Hom(N , N ′) is an abelian group which is isomorphic to Hom(N/[N , N ], N ′). The
result follows from Lemmas 1.3 and 1.7 and the universalities of localization and completion. 
We state our main theorem in this section.
Theorem 2.3. Let N = γ 0 ⊃ · · · ⊃ γ r = 1 be a normal series of a finitely generated nilpotent group
N. Then
Aut{γ i }(N )→ Aut{γ i` }(N`)
and
Aut{γ i }(N )→ Aut{γˆ ip}(Nˆp)
are localization and completion respectively. Here ` is a set of prime numbers and p is a prime number.
Proof. We prove the theorem by induction on nilpotency class and Theorems 1.5 and 1.9. Let C denote
the center of N . Then N/C has nilpotency class less than N . As in Theorem 1.2, we have the following
exact sequence.
1→ H(N ) µ→ Aut(N ) ϕ→ Aut(N/C)× Aut(C). (2.2)
Here H(N ) = [Ker i∗C : Hom(N ,C)→ Hom(C,C)] (∼=Hom(N/C,C)), ϕ is the natural map (induced
map), and µ is defined by
µ(a)(x) = a(x)x .
Note that µ(H(N )) is an abelian subgroup of Aut(N ). Let f ∈ H2(N/C;C) be the cohomology class
for the extension (see [16]):
1→ C → N → N/C → 1.
Then Imϕ is given as follows.
Imϕ = {(h, ) ∈ Aut(N/C)× Aut(C)|h∗f = ∗f}.
Now we use the homotopical description of homomorphisms and cohomology groups. Hom(N , N )
is in one to one correspondence with the homotopy set [K (N , 1), K (N , 1)], where K (G, n) is the
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Eilenberg–MacLane space of type (G, n). Identify H2(N/C;C) with [K (N/C, 1), K (C, 2)], then
K (N , 1) is homotopy equivalent to the fibre product:
P(f, pC) PK (C, 2)
K (N/C, 1) K (C, 2),
-
? ?
pC
-f
(2.3)
where pX : PX → X is the path fibration of a space X . Then the condition h∗f = ∗f is equivalent to
f ◦ h '  ◦ f (homotopic).
Let us denote by C i the subgroup C ∩ γ i . Then we can choose the cohomology class fi for the extension
1→ C i → γ i → γ i/C i → 1
so that the following diagram commutes.
K (N/C, 1) K (C, 2)
K (γ i/C i , 1) K (C i , 2).
-f
6
-f
i
6
(2.4)
Therefore the cohomology class f gives an element of the relative homotopy classes:
[K (N/C, 1), K (γ 1/C1, 1), . . . , K (γ r/Cr , 1); K (C, 2), K (C1, 2), . . . , K (Cr , 2)].
We denote it by [K (γ ∗/C∗, 1); K (C∗, 2)] for short.
Definition 2.4. We define a subgroup S(N ) of Aut{γ i/C i }(N/C)× Aut{C i }(C) by
S(N ) = {(h, )|f ◦ h =  ◦ f in [K (γ ∗/C∗, 1); K (C∗, 2)]}.
Definition 2.5. A˜ut{γ i }(N ) = {α ∈ Aut(N )|α(γ i ) = γ i for i = 1, 2, . . . , r, and α ∈ ϕ−1S(N )}, where
ϕ is the homomorphism in the exact sequence (2.2).
For any (h, ) ∈ S(N ) there exists g ∈ Aut(N ) such that ϕ(g) = (h, ) and g(γ i ) ⊂ γ i . This implies
that g(γ i ) = γ i . For this, we have the following commutative diagram for all i = 1, 2, . . . , r .
1 C i γ i γ i/C i 1
1 C i γ i γ i/C i 1
-
?
|Ci
-
?
g
-
?
h|
γ i /Ci
-
- - - -
(2.5)
Note that two homomorphisms on the right and left sides in the diagram are isomorphisms and so is g.
Consequently we obtain the following restriction of the exact sequence (2.2).
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1→ H{γ i }(N )→ A˜ut{γ i }(N ) ϕ→ S(N )→ 1, (2.6)
where H{γ i }(N ) = {a ∈ H(N )|a(γ i ) ⊂ C i , for i = 1, 2, . . . , r}. Moreover, A˜ut{γ i }(N ) is a nilpotent
subgroup of Aut(N ), since it acts on N/C and C nilpotently. Since an element g of A˜ut{γ i }(N ) induces
a map g¯ which makes the following diagram commutative,
1 C i/C i+1 γ i/γ i+1 (γ i/C i )/(γ i+1/C i+1) 1
1 C i/C i+1 γ i/γ i+1 (γ i/C i )/(γ i+1/C i+1) 1,
-
?
id
-
?
g¯
-
?
id
-
- - - -
we obtain a homomorphism
ψ : A˜ut{γ i }(N )→⊕Hom(γ i/γ i+1,C i/C i+1)
such that
Kerψ = Aut{γ i }(N ). (2.7)
The group H{γ i }(N ) in the exact sequence (2.6) is equal to the kernel of the following composition of
homomorphisms:
ρ : H(N )→⊕i Hom(γ i ,C)→⊕i Hom(γ i ,C/C i ),
where the homomorphisms are induced by the restriction and the projection respectively. Nowwe remark
that Aut{γ i }(N ) and A˜ut{γ i }(N ) are finitely generated by (2.7) and the remark after Theorem 1.2. By
Lemmas 2.2 and 2.1, we obtain that
H{γ i }(N )` ∼= H{γ i }(N )`
̂H{γ i }(N )p
∼= H{γˆ ip}(Nˆp).
Now we have
[K (γ ∗/C∗, 1); K (C∗, 2)]` ∼= [K (γ ∗/C∗, 1); K (C ∗`, 2)]
and
[K (γ ∗/C∗, 1); K (C∗, 2)]∧p ∼= [K (γ ∗/C∗, 1); K (Cˆ∗p, 2)].
These isomorphisms are obtained by induction on skeleton of the (relative) CW complex structures of
spaces as in Chapter V and Chapter VI of [5]. We should note that [K (γ ∗/C∗, 1); K (C∗, 2)] is equal to
[K (γ ∗/C∗, 1)N ; K (C∗, 2)] for some N , where K (γ ∗/C∗, 1)N is the N -skeleton. Then by Lemmas 1.4
and 1.8, and by the inductive hypothesis, S(N ) commutes with localization and completion, that is,
S(N )` ∼= S(N`)
Ŝ(N )p ∼= S(Nˆp).
By the exact sequence (2.6), we obtain that
A˜ut{γ i }(N )→ A˜ut{γ i` }(N`)
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and
A˜ut{γ i }(N )→ A˜ut{γˆ ip}(Nˆp)
are localization and completion respectively. Finally our result follows from the equality (2.7) and
Lemma 2.1. 
3. The groups of self-homotopy equivalences
In this section we always assume that all spaces are CW complexes with base point. Let us denote
by E(X) the group of self-homotopy equivalences, that is the based homotopy classes of self-homotopy
equivalences whose group structure is induced by composition of maps.
Definition 3.1. Let X be a space and let
γi : pii (X) = γ 0i ⊃ · · · ⊃ γ jii = 0
be normal series for i = 1, . . . , n. We define Enγi (X) to be the subgroup of E(X) which consists of all
the elements f such that f∗ ∈ Aut{γ ∗i }(pii (X)) for i ≤ n.
In [7], Dror and Zabrodsky proved the following theorem.
Theorem 3.2 ([7, Theorem A]). Let X be a connected nilpotent space which is either finite dimensional
or with finite number of non-trivial homotopy groups (called a Postnikov piece), γi be normal series of
pii (X) for i = 1, . . . , n. Then Enγi (X) is a nilpotent group if n ≥ dim X.
Nowwe state our main result in this section. Our result generalizes the results obtained byMøller [22],
and the author [17].
Theorem 3.3. Let X be a connected finite nilpotent space or a Postnikov piece of finite type, n an integer
with n ≥ dim X, and γi be a normal series of pii (X) for each i = 1, . . . , n. Then
Enγi (X)→ Enγi`(X`)
is the localization at `, and
Enγi (X)→ Enγ̂i p(Xˆ p)
is the p-completion, where ` is a set of prime numbers and p is a prime number.
Proof. If the action of pi1(X) on pin(X) is trivial, X is called a simple space. First we prove our theorem
when X is a simple space. We have the following exact sequence, see [1,23].
Hm(Xm−1;pim(X)) µ−→ Emγm (Xm)
ϕXm−−→ Gm → 1,
where {pm : Xm → Xm−1} is the Postnikov system of X , Gm = {(hm−1, ) ∈ Em−1γi (Xm−1) ×
Aut{γ ∗m}(pim(X))|h∗m−1km−1 = ∗km−1}, and km−1 ∈ Hm+1(Xm−1;pim(X)) is the k-invariant. Since
E1γ1(X1) is isomorphic to Aut{γ ∗1 }(pi1(X)),
E1γ1(X1)→ E1γ1`(X1`)
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is the localization map by Theorem 1.5. We proceed by induction on m. Assume that Em−1γi (Xm−1) →
Em−1γi` (Xm−1`) is the localization map. Consider the following fibration.
F(Xm, Xm)
pm∗−−→ F(Xm, Xm−1) k
m−1∗−−−→ F(Xm, BKm),
where Km = K (pim(X),m). Using the homotopy exact sequence associated with this fibration, Kerµ is
the intersection of the isotropy subgroup of the action of pi1(F(Xm, BKm)) on [Xm, Xm] at the identity
map and Hm(Xm−1;pim(Km)). Thus, it can be shown as in [17] that
(KerϕXm )` ∼= KerϕXm` .
ImϕXm is equal to the isotropy subgroup at k
m−1 of the action of Em−1γi (Xm−1) × Aut{γ ∗m}(pim(Km))
on Hm+1(Xm−1;pim(Km)) defined by (hm−1, ) · x = −1∗ ◦ h∗m−1(x). By Lemma 1.1, this action is
nilpotent. By Lemma 1.3 we obtain
Hm+1(Xm−1;pim(Km))` ∼= Hm+1(Xm−1`;pim(Km`)).
Using Lemma 1.4 and Theorem 1.5, we can show that
(ImϕXm )` ∼= ImϕXm` .
Therefore, inductively, the natural map
Emγi (Xm)→ Emγi`(Xm`)
is the `-localization for all m. Since Emγi (X) ∼= Emγi (Xm) if m ≥ dim X , we obtain the result for simple
spaces.
Next we prove the general case. We use induction as for the simple case above. First E1γ1(X1) =
Aut{γ ∗1 }(pi1(X)) and hence the result follows from Theorem 2.3. Let {Yi } be the principal refinement of
the Postnikov system:
Xm = Yc → Yc−1 → · · · → Y0 = Xm−1.
Then we have the following exact sequence (see [1,23,28]).
Hm(Ys−1;pim(Ks)) µ→ E(Ys) ϕYs−→ E(Ys−1)× Aut(pim(Ks)),
where Ks is a fibre of Ys → Ys−1, thus it is an Eilenberg–MacLane space. We inductively define a
subgroup E¯mγi (Ys) by
E¯mγi (Y0) = Em−1γi (Xm−1), E¯mγi (Ys) = ϕ−1Ys (Gs)
where Gs is the subgroup:
{(hs−1, ) ∈ E¯m−1γi (Ys−1)× Aut{γ¯ ∗m}(pim(Ks))|h∗s−1ks−1 = ∗ks−1},
where ks−1 ∈ Hm+1(Ys−1;pim(Ks)) is the k-invariant, {γ¯ ∗m} is the series of pim(Ks) induced from {γ ∗m}.
We have the short exact sequence
1→ KerϕYs → E¯mγi (Ys)
ϕ¯Ys−→ Gs → 1.
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The group E¯mγi (Ys) is nilpotent because it acts on the homotopy groups nilpotently. As for the simple case
above, we can show that
(KerϕYs )` ∼= KerϕYs` .
(Im ϕ¯Ys )` ∼= Im ϕ¯Ys` .
Therefore by the above exact sequence the natural map
E¯mγi (Ys)→ E¯mγi`(Ys`)
is the `-localization for all s. Now we consider the action of E¯mγi (Yc) on pim(X). There exists the action
E¯mγi (Yc)× Hom(pim(X), pim(X)/γ 1m)
defined by x → x ◦ f , where x ∈ Hom(pim(X), pim(X)/γ 1m), and f ∈ E¯mγi (Yc). Let p1m : pim(X) →
pim(X)/γ 1m be the projection map and let E¯mγi (Yc)p1m be the isotropy group at p1m . Then by Lemma 1.4,
E¯mγi (Yc)p1m → E¯mγi`(Yc`)(p1m)`
is the localization. Next, E¯mγi (Yc)p1m induces the action on Hom(γ 1m, γ 1m/γ 2m) and the map of isotropy
groups
(E¯mγi (Yc)p1m )p2m → (E¯mγi`(Yc`)(p1m)`)(p2m)`
is the localization. Similarly we obtain that
E¯mγi (Yc)p1m ,...,p jmm → E¯
m
γi`
(Yc`)(p1m)`,...,(p
jm
m )`
is the localization for iterated isotropy groups, where pkm : γ k−1m → γ k−1m /γ km is the projection. The
groups E¯mγi (Yc)p1m ,...,p jmm and E¯
m
γi`
(Yc`)(p1m)`,...,(p
jm
m )`
are equal to Emγi (Xm) and Emγi`(Xm`) respectively. As
we noticed above, Emγi (X) ∼= Emγi (Xm) if m ≥ dim X , and we complete the proof of the assertion in the
general case. The proof for the completion is similar. 
Let En# (X) denote the subgroup of E(X) generated by the elements which induce the identity on
homotopy groups pii (X) for i ≤ n. Apply Theorem 3.3 to the series pii (X) ⊃ {0}, i = 1 . . . n, we obtain
the previous results in [17,22], namely
Corollary 3.4. Let X be a connected finite nilpotent space or a Postnikov piece of finite type, and let
n ≥ dim X. Then
En# (X)→ En# (X`)
is the localization at `, and
En# (X)→ En# (Xˆ p)
is the p-completion, where ` is a set of prime numbers and p is a prime number.
4. Subgroups associated with (co)homology groups
Let h : Top → Grp be a homotopy invariant functor from the category of topological spaces to the
category of the groups. Let Eh(X) denote the kernel of E(X) → ∏Aut(h(X)). In this section we will
show examples obtained by the results in the previous sections.
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Lemma 4.1. Let pi be a nilpotent group, pi ′ a normal subgroup of pi . Let N ⊂ Aut(pi`) be a subgroup
such that pi ′` is invariant under the action of N . Assume that
(a) N acts on pi ′` and pi`/pi ′` nilpotently.
(b) There exist series of subgroups pi ′ = γ ′0 ⊃ · · · ⊃ γ ′r ′ = {0} and pi/pi ′ = γ ′′0 ⊃ · · · ⊃ γ ′′r ′′ = {0}
such that {γ ′i` } and {γ ′′` i} are central series for the N actions on pi` and pi`/pi ′` respectively.
Then we obtain a series of subgroups {γ i } of pi whose localization {γ i` } is a central series of the N
action on pi`. Moreover the assertion is true for p-completion if pi is a finitely generated abelian group.
Proof. Let p : pi → pi/pi ′ be the projection map. Then {p−1(γ ′′0), . . . , p−1(γ ′′r ′′), γ ′0, . . . , γ ′r ′} is the
desired series. 
For convenience, we introduce some new terminology. Let X be a nilpotent space. Let us assume
that Eh(X) acts on a nilpotent group N nilpotently and Eh(X`) acts on N`. We say that the Eh(X)-
action on N is natural with localization if there exists a central series of the Eh(X)-action on N whose
(`−)localization is a central series of the action Eh(X`) on N` (thus, Eh(X`) acts on N` nilpotently).
Similarly, we say that the Eh(X)-action on N is natural with completion if it satisfies the analogous
condition on completion.
Lemma 4.2. Let F i : Top → Ab, i = 0, . . . , n be homotopy invariant functors to the category
of abelian groups such that F i+1(X) is a subgroup of F i (X) for each i and Fn(X) = 0. Let
E p,qr (X) be a natural spectral sequence converging to F0(X) associated to {F i (X)} such that the
isomorphisms E∗,∗∞ (X) ∼= F i (X)/F i+1(X) are natural. Let X be a nilpotent space. We assume that
E∗,∗2 (X)` ∼= E∗,∗2 (X`) for a set of prime numbers ` and E∗,∗N (X) = E∗,∗N+1(X) = · · · , for some N.
(1) If Eh(X) acts on E∗,∗2 (X) nilpotently, then Eh(X) acts on F0(X) nilpotently.
(2) E∗,∗r (X)` ∼= E∗,∗r (X`) and F i (X)` ∼= F i (X`) for all r and i .
(3) Moreover, if the Eh(X)-action on E∗,∗2 (X) is natural with localization, the action of Eh(X) on
F0(X) is natural with localization, where the Eh(X`)-actions are the ones that are induced by the
isomorphisms E∗,∗2 (X)` ∼= E∗,∗2 (X`) and F0(X)` ∼= F0(X`).
The assertion is true for p-completion if the groups E∗∗r (X) and F∗(X) are finitely generated.
Proof. (1) E∗,∗3 (X) is a subquotient of E
∗,∗
2 (X) and thus Eh(X) acts on E∗,∗3 (X) nilpotently. Similarly,
Eh(X) acts on E∗,∗r (X) nilpotently for r ≥ 4. By the assumption Eh(X) acts on F i (X)/F i+1(X)
nilpotently. Inductively we can show that Eh(X) acts on F0(X) nilpotently.
(2) Since the spectral sequence is natural, E∗,∗2 (X)` ∼= E∗,∗2 (X`) implies E∗,∗r (X)` ∼= E∗,∗r (X`) for
r ≥ 3, and thus (F i (X)/F i+1(X))` ∼= F i (X`)/F i+1(X`). Consequently, F i (X)` ∼= F i (X`) for
i = 0, . . . , n.
(3) First note that Eh(X`) acts on E∗,∗r (X)` by the isomorphism E∗,∗r (X)` ∼= E∗,∗r (X`). If the Eh(X)-
action on E∗,∗2 (X) is natural with localization, then the Eh(X)-action on E∗,∗r (X) is natural with
localization, and so is the Eh(X)-action on E∗,∗∞ (X) ∼= F i (X)/F i+1(X). Using Lemma 4.1 we can
show that the Eh(X)-action on F0(X) is natural with localization by induction over i . 
Let us consider the case where h = H∗ the ordinary integral homology group. By [7, Theorem D]
EH∗(X) is a nilpotent group if X is a nilpotent finite complex.
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Theorem 4.3. Let X be a connected finite nilpotent space. Let ` be a set of prime numbers. Then
EH∗(X)→ EH∗(X`)
is the localization.
Proof. Let pi1(X) = Γ 0 ⊃ · · · ⊃ Γ r = 0 be the lower central series of the fundamental group of X .
Then it is well known that there exists a natural surjective map:
H1(X)⊗ · · · ⊗ H1(X)→ Γ i/Γ i+1.
Here the left side is the i-fold tensor product of H1(X). Thus EH∗(X) acts on Γ i/Γ i+1 trivially. It
follows that {Γ i } is a central series of the EH∗(X)-action on pi1(X). Similarly {Γ i`} is a central series of
the EH∗(X`)-action on pi1(X`), that is, the EH∗(X)-action on pi1(X) is natural with localization. Note that
Γ i (N`) ∼= Γ i (N )` for an arbitrary nilpotent group N [15, Theorem 2.7]. Next we show that EH∗(X) acts
on H∗(K (pi1(X), 1)) nilpotently and the action is natural with localization. We proceed by induction over
H∗(K (Γ i , 1)). For i = r this is clearly true. Assume that EH∗(X) acts on H∗(K (Γ i+1, 1)) nilpotently
and the action is natural with localization. Let Hq(K (Γ i+1, 1)) = ζ 0 ⊃ · · · ⊃ ζ k = 0 be the central
series. Consider the Serre spectral sequence
E p,q2 = Hp(K (Γ i/Γ i+1, 1)); Hq(K (Γ i+1, 1))⇒ Hp+q(K (Γ i , 1))
associated with the fibration K (Γ i+1, 1) → K (Γ i , 1) → K (Γ i/Γ i+1, 1). Now, since E p,q2 is
isomorphic to
Hp(K (Γ i/Γ i+1, 1))⊗ Hq(K (Γ i+1, 1))+ Hp−1(K (Γ i/Γ i+1, 1)) ∗ Hq(K (Γ i+1, 1)),
we can define a central series {γ j } of the EH∗(X)-action on E p,q2 by
γ j = Hp(K (Γ i/Γ i+1, 1))⊗ ζ j + Hp−1(K (Γ i/Γ i+1, 1)) ∗ ζ j ,
j = 0, . . . , k. Hence by Lemma 4.2, EH∗(X) acts on Hp+q(K (Γ i , 1)) nilpotently and the action is
natural with localization. This completes the induction. Let
Km → Xm → Xm−1
be the Postnikov decomposition or its principal refinement. Assume that EH∗(X) acts on the homology
groups H∗(Xm−1) nilpotently and the action is natural with localization. The following sequence is exact
by the methods used in the proof of the Serre exact sequence.
Hm+1(Xm)→ Hm+1(Xm−1)→ Hm(Km)→ Hm(Xm)→ Hm(Xm−1)→ 0.
Therefore, since EH∗(X) acts on Hm(Xm) trivially, one sees that EH∗(X) acts on pim(Km) nilpotently and
that the action is natural with localization by Lemma 4.1. Hence EH∗(X) acts on H∗(Km) nilpotently and
the action is natural with localization by the inductive argument on the central series of pim(Km). Let
E∗,∗2 = H∗(Xm−1; H∗(Km))⇒ H∗(Xm)
be the Serre spectral sequence for the fibration Km → Xm → Xm−1. Let H∗(Km) = ξ0 ⊃ · · · ⊃ ξ k = 0
be the central series for the EH∗(X) action. Then EH∗(X) acts on H∗(Xm−1; H∗(Km)) nilpotently and
the action is natural with localization by the following long exact sequence (or more directly from the
universal coefficient theorem).
· · · → H∗(Xm−1; ξ i+1)→ H∗(Xm−1; ξ i )→ H∗(Xm−1; ξ i/ξ i+1)→ · · · .
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Hence EH∗(X) acts on H∗(Xm) nilpotently and the action is natural with localization by Lemma 4.2.
Continuing, we obtain a series γi of pii (X), i = 1, 2, . . . , n, such that
EH∗(X) ⊂ Enγi (X)
EH∗(X`) ⊂ Enγi`(X`)
by induction onm. Let x1, . . . , xk be generators of H∗(X). Then EH∗(X) is equal to the (iterated) isotropy
subgroup:
Edim Xγn (X)x1,...,xk .
By Lemma 1.4, Theorem 3.3, we obtain our result. 
Theorem 4.4. Let ` be a set of primes and p be a prime number.
(1) If X is a connected finite nilpotent space, then EH∗(X)→ EH ∗`(X`) is the localization
(2) If X is a 1-connected finite space, then EH∗(X)→ EHˆ∗p (Xˆ p) is the p-completion
where H ∗` and Hˆ∗p are the ordinary cohomology with coefficients Z` and Zˆp respectively.
Proof. (1) By the universal coefficient theorem [27, Chapter 5,12 Theorem] and Lemma 4.1, EH∗(X)
and EH ∗`(X`) act nilpotently on H1(X) and H1(X`) respectively, and the EH∗(X)-action on H1(X) is
natural with localization. We remark that these actions are not trivial in general. Now EH∗(X) acts on
the fundamental group pi1(X) and nilpotently and the action is natural with localization as in the proof
of Theorem 4.3. Also by the universal coefficient theorem [27, Chapter 5,10 Theorem], EH∗(X) and
EH ∗`(X`) act nilpotently on H∗(X;G) and H∗(X`;G`) (∼= H∗(X;G)`) for a finitely generated abelian
group G, and the EH∗(X)-action on H∗(X;G) is natural with localization. Thus EH∗(X) acts on the
homotopy groups pi∗(X) nilpotently and the actions are natural with localization by using the Postnikov
system argument as in Theorem 4.3 and [27, Chapter 5,12 Theorem]. The remaining argument is parallel
to that of the proof of Theorem 4.3.
(2) The proof of the completion case is similar. 
Remark. We remark that the argument for the fundamental group used in the proof of (1) of Theorem 4.3
does not work for completion. Hence in (2) we assume that X to be 1-connected.
For some generalized homology theories Eh(X) are nilpotent groups [21]. For example when h = MU
(the complex cobordism theory) EMU (X) is nilpotent for a finite nilpotent space X . Theorem 4.3 is
generalized to the MU -theory.
Theorem 4.5. Let X be a connected finite space. Let ` be a set of primes. Then
EMU∗(X)→ EMU∗(X`)
is the localization.
Proof. By [21] EMU∗(X) acts nilpotently on H∗(X) and so on pi∗(X). This has been shown as follows.
By the MU -Adams spectral sequence
Ext∗,∗MU∗MU (MU∗,MU∗(X))⇒ pi s∗(X).
EMU∗(X) acts nilpotently on pi s∗(X) and the action is natural with localization by Lemma 4.2. Notice
that in our case by a result due to Bousfield [4, Theorem 6.5] the MU -Adams spectral sequence is
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strongly Mittag–Leffler. By using the stable Postnikov decomposition, we see that EMU∗(X) acts on the
homology groups nilpotently and the action is natural with localization. By the same argument in the
proof of Theorem 4.3, we can find central series of homotopy groups such that
EMU∗(X) ⊂ Edim Xγn (X),
and
EMU∗(X`) ⊂ Edim Xγn` (X`).
By the Atiyah–Hirzebruch spectral sequence
H∗(X;MU∗)⇒ MU∗(X),
and Lemma 4.2, we can show that Edim Xγn (X) acts nilpotently on MU∗(X). Moreover MU∗(X) is finitely
presented over MU∗ by [6], we can regard EMU∗(X) as the (iterated) isotropy group:
Edim Xγn (X)y1,...,y j ,
where y1, . . . , y j are generators of MU∗(X). Now our theorem follows from Theorem 3.3 and
Lemma 1.4. 
Remark. Theorem 4.3 is a generalization of the main result in [18](also see Pavesˇic´ [24]).
5. Σ and Ω subgroups
In this section we shall consider two subgroups EΣ (X) and EΩ (X). Recall that EΣ (X) is the subgroup
of homotopy classes f ∈ E(X) such that Σ f ' 1 and EΩ (X) is the subgroup of homotopy classes f
such that Ω f ' 1. EΩ (X) was first studied by Fe´lix and Murillo in [9].
Corollary 5.1. Let X be a connected finite nilpotent space. Let ` be a set of prime numbers. Then
EΣ (X)→ EΣ (X`)
is the localization.
Proof. Note that EΣ (X) is a subgroup of EH∗(X). EH∗(X) acts on the homotopy set [Σ X,Σ X ] by the
rule:
f · α = Σ f ◦ α,
where f ∈ EH∗(X) and α ∈ [Σ X,Σ X ]. This action is nilpotent by cell-wise induction. The homotopy
set [Σ X,Σ X ] is a nilpotent group which is finitely generated [29]. Now EΣ (X) is the isotropy subgroup
of the action EH∗(X)×[Σ X,Σ X ] → [Σ X,Σ X ] at the identity class 1Σ X of [Σ X,Σ X ]. Thus we obtain
the result by Lemma 1.4 and Theorem 4.3. 
Corollary 5.2. Let X be a connected finite nilpotent space such that X(0) (the rationalization of X) is
homotopy equivalent to a wedge of rational spheres Sn1(0) ∨ · · · ∨ Sns(0) (namely, X is a rational co-H-
space). Let us assume that ni > 1 for all i . Then EΣ (X) has finite index in EH∗(X). Moreover, if X`
is homotopy equivalent to Sn1` ∨ · · · ∨ Sns` for a set of prime numbers `, then the inclusion induces an
isomorphism
EΣ (X)` ∼= EH∗(X)`.
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Proof. The group EH∗(X(0)) is generated by 1 + α, where α is a sum of Whitehead products of the
identity classes of spheres Sni(0), and hence their suspensions are equal to the identity map. ThereforeEΣ (X(0)) = EH∗(X(0)), so by Corollary 5.1 EH∗(X)/EΣ (X) is a finite group. The proof of the second
assertion is similar. This completes the proof. 
Next we consider EΩ (X). In [25] the localization of this group was studied and it was shown that the
natural map EΩ (X) → EΩ (X`) is the localization when X is a Postnikov piece, namely a space with
finite number of non-trivial homotopy groups. It is not known that this is true for finite complexes X . We
shall give some partial answer to this question.
Theorem 5.3. Let X be a homotopy associative 1-connected finite H-space, ` a set of prime numbers.
Then
EΩ (X)→ EΩ (X`)
is the localization map and
EΩ (X)→ EΩ (Xˆ p)
is the p-completion map for a prime p.
Proof. As we noticed in the proof of Theorem 3.3, E(Xn) is isomorphic to the group E(X) for
n ≥ dim X , where Xn is the Postnikov section of X . It follows that EΩ (X) may be considered as a
subgroup of EΩ (Xn) for n ≥ dim X . More precisely, we have an isomorphism
EΩ (X)
∼=→ ∩n≥dim X EΩ (Xn)(= limn EΩ (Xn)).
For this, it suffices to show that if Ω fn : ΩXn → ΩXn is the identity map for all n, then Ω f :
ΩX → ΩX is the identity map. First, observe that [ΣΩX,ΩXn] is a finite abelian group for all n,
because ΩX(0) ' 5K (Q, 2n), Ω2X(0) ' 5K (Q, 2n − 1), and [ΣΩX,ΩXn](0) ∼= [ΩX,Ω2Xn](0) ∼=
[ΩX(0),Ω2Xn(0)] = {0}. We remark that ΩXn is a Postnikov piece, and hence we can use [5, V, 5.3
Proposition]. Thus by [5, IX, 3.5 Corollary]
lim1[ΣΩX,ΩXn] = 0,
and our claim follows from the following exact sequence [5, IX, 3.2 Corollary].
0→ lim1[ΣΩX,ΩXn] → [ΩX,ΩXn] → lim[ΩX,ΩXn] → 0,
where [ΩX,ΩXn] ∼= [ΩXn,ΩXn] for all n. Similarly
EΩ (X`) ∼= limn EΩ (Xn`), and EΩ (Xˆ p) ∼= limn EΩ (Xˆnp). (5.1)
We claim that
EΩ (X`) ∼= EΩ (XN`), and EΩ (Xˆ p) ∼= EΩ (XˆNp) (5.2)
for some N ≥ dim X . For this, we define some subgroups of [X, X ]. If X is a homotopy associative
finite H -space, then [X, X ] is a finitely generated nilpotent group [29]. Let Zn# (X) be the subset of[X, X ] which consists of elements inducing the trivial map on homotopy groups pii (X) for i ≤ n. Let
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ZΩ (X) denote the subgroup of homotopy classes f ∈ [X, X ] such that Ω f ' 0. ZΩ (X) is a normal
subgroup of Zn# (X). Note that if n ≥ dim X , then
Zn# (Xn) ∼= Zn# (X).
Since Zn# (Xn) is the kernel of
[Xn, Xn] →
n∏
i=1
Hom(pii (X), pii (X)),
the map Zn# (Xn) → Zn# (Xn`) is the localization map and Zn# (Xn) → Zn# (Xˆnp) is the p-completion
map by Lemma 2.1, [5, 5.3 Proposition and 7.2 Proposition]. Let Zn# (X)/τ denote the quotient group
of Zn# (X) by the torsion subgroup. Then Zn# (X)/τ is a finitely generated abelian group. We denote
by a1, . . . , aq a basis of Zn# (X)/τ . Now we show that ZΩ (X`) has finite index in Zdim X# (X`)/τ . Let
f ∈ Zdim X# (X`)/τ , then f is a linear combination of a1, . . . , aq over Z`, that is
f = r1a1 + · · · + rqaq
for some r1, . . . , rq ∈ Z`. By the argument of Section 2 in [20], there exists an integer k such that
kai (i = 1, . . . , q) are represented by sum of the following maps.
X → X × · · · × X → 5 j Sn j ∧→ ∧ j Sn j → Sni bi→ X,
where bi is some rationally non-trivial map. Since Ω(∧) is trivial, Ω(kai ) is trivial, and hence kai ∈
ZΩ (X)/τ . Note that ZΩ (X)/τ ⊂ ZΩ (X`)/τ . Furthermore, for r ∈ Z` and x ∈ ZΩ (X`) we have
r x ∈ ZΩ (X`).
This can be shown as follows. On [X`, X`] multiplication by r is induced by the map r · 1X , where 1X
is the identity map of X . Hence
Ω(r x) ' Ω(r · 1X ) ◦ Ωx ' ∗.
Thus k f ∈ ZΩ (X`)/τ . Therefore, ZΩ (X`) has finite index in Zdim X# (X`)/τ . Similarly ZΩ (Xˆ p) has
finite index in Zdim X# (Xˆ p)/τ . By the proof which is analogous to that of (5.1), we have
ZΩ (X`) ∼= limn ZΩ (Xn`), and ZΩ (Xˆ p) ∼= limn ZΩ (Xˆnp).
Consequently we obtain
ZΩ (X`) ∼= ZΩ (XN`), and ZΩ (Xˆ p) ∼= ZΩ (XˆNp)
for some N ≥ dim X . Our claim (5.2) follows from the fact that for a homotopy associative H -space Y ,
there exist the bijections
Zn# (Y )→ En# (Y ), and ZΩ (Y )→ EΩ (Y )
induced by the bijective map T : [Y, Y ] → [Y, Y ] defined by
T ( f ) = 1Y + f.
Next we prove our theorem. By Theorem 3.3 of [25] (or by Theorem 3.3 and Lemma 2.1 in the previous
sections) and (5.2), EΩ (X)→ EΩ (X`) is the localization map. We have an exact sequence as follows.
0→ ZΩ (XN )→ ZN# (XN )→ ZN−1# (ΩXN ).
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Note that ZN−1# (ΩXN ) → ZN−1# (Ω XˆNp) is the p-completion map and ZN−1# (ΩXN ) is an abelian
group. Therefore
ZΩ (XN )→ ZΩ (XˆNp)
is the p-completion map by Lemma 2.1. There exist bijective maps between finite nilpotent groups
ZN# (XN )/ZΩ (XN )→ EN# (XN )/EΩ (XN ),
ZN# (XˆNp)/ZΩ (XˆNp)→ EN# (XˆNp)/EΩ (XˆNp)
induced from T . Now we know that
ZN# (XN )/ZΩ (XN )→ ZN# (XˆNp)/ZΩ (XˆNp)
is the p-completion map by Lemma 1.6. It is well known that a finite nilpotent group is isomorphic the
direct product of its Sylow subgroups and the group
ZN# (XˆNp)/ZΩ (XˆNp)
is isomorphic to the Sylow-p subgroup ofZN# (XN )/ZΩ (XN ). Since the orders of the Sylow-p subgroup
of EN# (XN )/EΩ (XN ) and that of ZN# (XN )/ZΩ (XN ) are the same, EN# (XˆNp)/EΩ (XˆNp) is the Sylow-p
subgroup of EN# (XN )/EΩ (XN ). It follows that
EN# (XN )/EΩ (XN )→ EN# (XˆNp)/EΩ (XˆNp)
is the p-completion map. Consequently
EΩ (XN )→ EΩ (XˆNp)
is the p-completion map by Lemma 1.6, and Corollary 3.4. By (5.2)
EΩ (X)→ EΩ (Xˆ p)
is the p-completion map. 
We obtain a result analogous to Corollary 5.2 as follows.
Corollary 5.4. Let X be a 1-connected homotopy associative finite H-space. If X is `-regular for a
set of prime numbers `, that is, X` is homotopy equivalent to a product of odd-dimensional `-localized
spheres, then the inclusions induce isomorphisms EΩ (X)` ∼= E∞# (X)` ∼= Edim X# (X)`.
Proof. If X` is homotopy equivalent to a product of localized spheres, then by [3, Theorems 4.9, 4.10]
and [13, Lemma 16.5], EΩ (X`) is equal to Edim X# (X`). By Theorem 5.3, we obtain the assertion. 
6. An example
We end this paper by showing one more application of our results in the previous sections. Let us
denote by En#/τ (X) the subgroup of E(X) consisting of elements which induce the identity map on
pii (X)/τi for i ≤ n, where τi is the torsion subgroup of pii (X).
Theorem 6.1 ([19]). Let X be a connected finite nilpotent space such that H∗(X) is torsion free. Then
En#/τ (X) is a nilpotent group which acts on the homotopy groups of X nilpotently if n ≥ dim X.
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Proof. For completeness we give the proof. By [7, Theorem D] it is sufficient to show that En#/τ (X)
acts nilpotently on the homology groups of X . Let Γ iEn#/τ (X)
Hk(X) and Γ iEn#/τ (X(0))
Hk(X(0)) be the lower
central series of the actions En#/τ (X) and En#/τ (X(0)) on the homology groups, where k = 1, . . . , dim X
and X(0) denotes the rationalization of X as before. Here En#/τ (X(0)) is equal to En# (X(0)), that is, the
subgroup of elements inducing the identity map on homotopy groups. We have
Γ iEn#/τ (X)Hk(X) ⊂ Γ
i
En# (X(0))Hk(X(0)),
as the homology groups have no torsion elements. The latter group is trivial for some i = N , since
En# (X(0)) acts nilpotently on homology groups as was shown in [7]. Hence
Γ iEn#/τ (X)Hk(X)
is also trivial for i = N . This completes the proof. 
Theorem 6.2. Let ` be a set of prime numbers and p a prime. Let X be a connected finite nilpotent
space such that H∗(X) is torsion free. If n ≥ dim X or n = ∞, then
En#/τ (X)→ En#/τ (X`)
is the localization and
En#/τ (X)→ En#/τ (Xˆ p)
is the p-completion.
Proof. By Theorem 6.1 En#/τ (X) is a nilpotent group which acts on the homotopy groups nilpotently. Fix
n ≥ dim X . For each homotopy group pii (X), there exists a series γ 1i ⊃ · · · ⊃ γ
i j
i such that γ
1
i = τi
and γ
i j
i = 0, where τi is the torsion subgroup of pii (X), because τi is closed under the action. Note that
the action on τi is not necessarily trivial. We extend the series by defining γ 0i = pii (X). That is, we have
defined the series:
pii (X) = γ 0i ⊃ γ 1i (=τi ) ⊃ · · · ⊃ γ i ji = 0.
Now we have
En#/τ (X) = Enγi (X),
and hence the result follows from Theorem 3.3. Our claim is also valid for n = ∞ since E∞#/τ (X) is equal
to EN#/τ (X) for some N by [19]. 
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